We investigate both the classical and quantum dynamics for a simple kicked system (the standard map) that classically has mixed phase space. For initial conditions in a portion of the chaotic region that is close enough to the regular region, the phenomenon of sticking leads to a power-law decay with time of the classical correlation function of a simple observable. Quantum mechanically, we find the same behavior, but with a smaller exponent. We consider various possible explanations of this phenomenon, and settle on a modification of the Meiss-Ott Markov tree model that takes into account quantum limitations on the flux through a turnstile between regions corresponding to states on the tree. Further work is needed to better understand the quantum behavior.
I. INTRODUCTION
The subject of this work is the long term correlations for mixed dynamical systems. For such systems, the motion is chaotic in some regions of the classical phase space, while in other regions it is regular [1] [2] [3] . An important phenomenon such systems exhibit is sticking: trajectories in the chaotic region that are close to the perimeter of a regular region will stay close for a long time. This can be quantified by the survival probability, the probability for a trajectory to be near its initial point after a time t; sticking results in a a power-law decay of the survival probability with time. Systems with mixed dynamics include the Hénon map [4] , the standard map [5, 6] , and the "molecular cat" [7] . The classical behavior in such situations was studied extensively in the past [8] [9] [10] [11] [12] [13] [14] [15] .
In the present work we focus on the quantum mechanical behavior, and emphasize how it differs from the classical. We study the standard map on a torus, with parameters that would yield transport dominated by accelerator modes on a cylinder; these are phase space islands for which momentum grows linearly in time [5, 6, 14, 16, 17] . The dynamics around these islands is modeled by the Hénon map [11, 12] .
In earlier work some of us explored the survival probability in the framework of the Meiss-Ott Markov tree model. In particular it was found that the model predicts correctly the decay of the survival probability, falling of in time with a power
where γ does not depend systematically on the parameters of the standard map or the related Hénon map. It takes the value γ ≈ 1.57 , (2) * oralus@tx.technion.ac.il † fishman@physics.technion.ac.il ‡ mark@physics.ucsb.edu as was found with various methods [18] [19] [20] [21] . On the torus, the accelerator-mode islands reduce to stationary islands, since the motion is periodic in both position and momentum directions.
In the present work we study the two-point time correlation function of a simple observable. Such a correlation function has a straightforward definition both classically and quantum mechanically, which facilitates comparison of their behavior. Classically, for initial conditions localized in the sticking region of the chaotic component, the correlation function will oscillate without decay, and then have a power-law decay that is related to the power-law decay of the survival probability. Quantum mechanically, we also find a power-law decay, but one that is slower for sufficiently large values of Planck's constant. We examine several possible mechanisms for this quantum slowing down, and conclude that quantum effects lead to "pruning" and "truncation" of the Meiss-Ott Markov tree, resulting in strong deviation from the power law in the decay of the survival probability and of the correlation function.
The outline of the paper is as follows. In Sec. II the quantum and classical correlation functions are defined and computed, and their behavior compared. In Sec. III we consider some specific mechanisms of quantum trapping, and conclude these are irrelevant for the present case. We propose a mechanism for modification of the Markov tree by quantum effects and conjecture the resulting form of the decay of the correlations function. Our conclusions are in Sec. IV.
II. DECAY OF QUANTUM AND CLASSICAL CORRELATION FUNCTIONS
The standard map is [1, 6] 
We take both x and p to be periodic with period 2π so it is defined on a torus. this map is
To quantize the map while preserving both periodicities, we discretize both x and p, as is done for the baker's map or cat map [22] [23] [24] . Mapping
where 0 ≤ η < 1 is a possible offset, and N is a positive integer. We should have exp(ipx/ ) = exp(2πi(j +η)(k + η)/N ), which implies
The inner product between a position eigenstate and a momentum eigenstate is then
Position and momentum eigenstates each form a complete basis,
The unit-time evolution operator is
Using eqs. (7) and (8) 
2 /N ). We want this to be invariant under under k → k + N . This requires η + 1 2 N to be an integer. So we must have either η = 0 and N even, or η = 1 2 and N odd. For simplicity with the numerics, we choose
We also choose to let the 2π-periodic coordinates x and p be in the range [−π, π] rather than [0, 2π] so that the classical island is in the center of the range. We choose cos(x) as the observable whose correlations we will study. We have chosen this function since its phase space average vanishes. We wish to calculate the quantum correlation function, and compare it to the classical result. For this purpose we definẽ
where x t is the position operator in the Heisenberg representation at time t. For the convenience of calculation, we split the computation into two parts
and
Here L| and |R are vectors in the Dirac representation. These expressions are calculated using FFT starting from Ψ 0 | and |Ψ 0 . The product is computed to obtaiñ
To obtain a real correlation function that can be compared to its classical counterpart, we define the symmetrized product
Its expectation value is
In the classical limit, it is expected to approach
where x t is the classical position at time t and C is the average over the classical initial conditions corresponding to |Ψ 0 .
We consider values of N from 2 17 to 2 21 , up to time t = 10 4 . As the initial condition we take a minimumuncertainty quantum wave packet, centered on a phasespace point (x c , p c ), which need not be a grid point. In the position representation it takes the form
We take x c = 1.7, p c = −0.25. The corresponding classical phase-space density is
For parameter value of K = 6.476939 this wave packet is centered around a hyperbolic fixed point of a secondary island chain belonging to the "accelerator island". As explained in the introduction, the island corresponds to an accelerator mode if the map is defined on a cylinder, but in the present paper it is defined on a torus and the island is stationary. The classical ensemble consists of N 0 = 10 6 initial conditions. The initial point was chosen so that it is in a favorable situation to observe the power law decay of correlations resulting of sticking. The islands belonging to accelerator modes are approximated by the Hénon map [11] . We prepared the initial distribution centered on the hyperbolic point of a period 5; see Fig. 1 . The initial wave packet (and the corresponding distribution of the initial condition) is much narrower than the size of the torus. At the initial stages (for t < 10 2 ) we see rapid oscillations of period 5. At later time only sticking trajectories stay at the vicinity of the island. We assume following Karney [12] that only these contribute to the long time behavior of the correlation function f C (t), while the rest diffuse in phase space and do not contribute to the correlation function. We assume that the probability to stick for a time τ is for long τ
The survival probability is asymptotically
with the value of γ given by Eq. (2). We turn now to the calculation of the decay of the classical correlation function Eq. (17) . Using the assumption that only the sticking part contributes to the correlation function
We used the fact that the probability that 0 and t are both in an interval of length τ is proportional to τ . We see that the decay of the classical correlation function is strongly related to the decay of the survival probability.
In order to compare with the quantum sticking we prepare an initial wave function corresponding to a minimal uncertainty wave packet (18) . In Fig. 2 We compare the correlation function with the one found for the corresponding classical density (19) . We find a region of oscillations with period 5 for t < 5 · 10 2 , while for 5 · 10 2 < t < 5 · 10 3 we see a regime of power-law decay with exponent γ − 1 ≈ 0.8, in reasonable agreement with Eq. (2). We did not calculate the correlation function beyond 10 4 since up to that value we found excellent agreement between the quantum and classical results for N = 2 21 , as is clear from Fig. 2 . For longer times the quality of the classical distribution with N 0 = 10 6 initial conditions deteriorates, since only a small fraction of the trajectories does not run away from the sticky region. Running for much larger ensemble is beyond our numerical possibilities. Moreover we believe that the current results are sufficient for the conclusions of the paper.
In Fig. 3 we present the quantum correlation function for various values of Planck's constant = 2π N . We find that as increases the quantum correlation function decreases slower than the classical one. To understand it we plot in Fig. 4 the classical correlation as found starting from initial conditions corresponding to the ones used for the correlation function presented in Fig. 3 . The initial conditions are patches of the blue heavy points near the hyperbolic fixed point in Fig. 1 . If the initial condition was a distribution satisfying detailed balance, the classical survival probability would decay with the exponent γ − 1 [25] . For our initial distribution there is no definite theoretical prediction, but since it is within the strictly chaotic layer we expect it to decay like γ − 1 approximately. Indeed we find this exponent to vary in the interval γ − 1 ∈ [0.5, 0.75]. We consider this numerical result to be in agreement with theory. The quantum correlations as can be seen from Fig. 3 
2 , 5 · 10 3 ] using loglog scale with uniform distribution of points. The rest of this paper is devoted to the explanation of the difference between the quantum and the classical distributions.
III. DETAILED ANALYSIS OF THE QUANTUM SPREADING
We would like to understand what slows the quantum spreading compared to the classical one. For this purpose we analyze the mechanisms that slow down quantum spreading. The first is trapping in islands. For this purpose we use the Husimi function defined as H(x , p )dx dp = 1 .
Note that the wave function has finite weight inside the classical island (see Fig. 5 ). We fix the grid of p , x ∈ [−π, π] to be 1024 × 1024. This is done mainly due to computation time and memory considerations. Note that the grid of x from Eq. (23) is still set by .
In order to understand the different power laws, we define a weight W D as the integral of the Husimi distribution over the domain D,
where several different domains D are chosen in what follows. We study the behavior of W D for different values of N (and therefore ). The normalization of the Husimi function is such that in the classical limit the weights reduce to the survival probability of Eq.(1) of [18] .
A. Trapping in islands
In order to study the effect of trapping inside the classical islands we study the Husimi distribution in a classical island. This is shown in Fig. 5 for time t = 10 4 . The the Husimi function we calculate by Eq. (24) the weight in small and big islands W s and W b respectively. These are plotted in Fig. 6 . We see that these weights saturate at t = 10 2 and stay constant at least till t = 10 4 , and correlations presented in Fig. 3 decay for shorter time, therefore this process is irrelevant for the understanding of the decay of correlations presented in Fig. 3 .
We checked also that if the initial wave packet is placed in the small island the weight in the small and in the big island does not decay significantly at least till t = 10 4 , therefore it is irrelevant for the result of Fig. 3 . Similar behavior was seen in [26, 27] . In our case the build up in the island is faster than in the cited paper, since our initial wave packet is in the sticky region, near the hyperbolic fixed point. 
B. The region where the sticking takes place
The sticking takes place in a region around the island. In Fig. 7(a) this is demonstrated. The selected region is confined by the unstable and stable manifold of the period-1 hyperbolic fixed point all the way to their first homoclinic intersection [25] . The weight W is calculated using Eq. (24) where the domain D is the strip presented in Fig. 7 (a) , and is presented in Fig. 7 (b) . The decay is obvious; note the visible steps for large t. This decay is described in detail by the modified Markov tree presented in Sec. III D. 
C. Scars
The scars [28] in eigenfunctions result in asymptotic trapping, therefore these cannot serve as a mechanism for quantum decay. For this reason we turn to modification of the Markov model.
D. Modification of the Markov model
We now try to explain the slowdown qualitatively by using a modification of the Markov model introduced by Meiss and Ott [10] and studied in [18] for the classical case. The transition rates on the tree are defined by
. Where A S is the accessible region and W S,S is the flux through a turnstile area between two neighboring regions. In [29] the quantum asymptotic transition weight, that is the projection of the wave function started on one side of the turnstile on a region located on the other side after some time, and then averaged over time, was computed. It turns out to agree with a simple random transition model. It was found that this weight should be changed with via the function
Inspired by their work we conjecture that for each turnstile the corresponding function is
Both Eq. (25) and Eq. (26) converge to the correct limits in the extreme values of . We checked that both Eq. (25) and Eq. (26) give qualitatively similar results. Using Eq. (26) changes the rates such that
We now build a Markov matrix in a manner similar to what described in [18] . Here we assume that the Markov property, namely that each of the turnstiles acts independently, holds also quantum mechanically, and here it provides a transition probability (rather an amplitude). This is a result of the fact that the turnstiles are separated by chaotic regions. The rate p 1→∅ is set arbitrarily to be 0.1, and A 1 is set to be the size of the major island discussed above. This determines ∆W 1,∅ via Eq. (27) . Next all other values found using scalings drawn from distributions of the flux and areas as in [18] . In that way a matrix describing the master equation can be calculated. Next, the matrix is used to propagate an initial distribution equivalent to detailed balance if p 1→∅ = 0 [20] , and
This is done for several values of for the same realization of transition rates. The result is presented in Fig. 8 . It shows that small fluctuations in the → 0 limit turn into regions of exponential decay when is increased. This happens since when ∆W << 1, then tanh( ∆W ) ∼ ∆W . Since for most entries of the matrix ∆W << 1 multiplying by 2 is the same as dividing almost the entire matrix W given by [18] :
by the same factor. This will cause the eigenvalues to separate, and due to separation of time scales, exponential decay appear for increasing times intervals. In intermediate cases of ∆W the power law found for the classical case turns out to be replaced by a step structure, presented in Fig. 8 . The classical power law decay is a result of contribution of many small decay exponents related to high generations of the tree, and it goes forever for infinite tree [18] . If the tree is truncated at a finite generation, at the time corresponding to that generation, the power law decay stops and exponential decay is found. Finite eventually leads to such a truncation. The manifestation of the step structure for longer times was found by explicit calculations. It was found that the dependence of the survival probability on time depends on the choice of A 1 for the short time part. The step structure of the survival probability is a result of the modification in the Markov tree and it results of the quantum mechanics. We check explicitly that such structure is also found for a typical matrix generated at random for the Markov tree multiplied by factors that control the step structure. A similar step structure was found for the system we study (see Fig. 7 ), e.g. for N = 2 15 . It is important to note that since we are interested in small values of we keep many generations of the tree where it is pruned and not yet truncated.
IV. CONCLUSIONS
We have studied both the classical and quantum dynamics for a simple kicked system (the standard map) that classically has mixed phase space. For initial conditions in a portion of the chaotic region that is close enough to the regular region, the phenomenon of sticking leads to a power-law decay with time of the classical correlation function of a simple observable. Quantum mechanically, we observed the same behavior, but with a smaller exponent. We considered various possible explanations of this phenomenon, and settled on a modification of the Meiss-Ott Markov tree model that takes into account quantum limitations on the flux through a turnstile region between regions corresponding to the states of the tree. A natural question is why the correlations decay in spite of the fact that the spectrum is discrete. One should notice that the discreteness of the spectrum is important for time very much longer than the Heisenberg time τ H [30] In our case τ H ≈ (2π) 2 ·2 21 ∼ 10 6 , while the correlation function is studied for t < 10
4 . Further work is needed to better understand the quantum behavior. Our results can be considered as a first step in such a direction.
